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ABSTRACT 

We  study  the  existence  of  non-trivial,  positive  solutions  of 


We  prove  the  existence  of  a  priori  estimates  for  positive  solutions  of  (1), 
provided  f  does  not  increase  too  rapidly  at  infinity  and  provided  fl  has 
some  geometrical  properties.  From  these  a  priori  estimates  we  deduce  the 
existence  of  non-trivial,  positive  solutions  of  (1). 


SIGNIFICANCE  AND  EXI  !.ANATI<  N 


Problems  arising  in,  for  example,  physir:.,  bioloqy  and  chemical 
reactors  lead  to  boundary  value  problems  for  semi 1 inear  elliptic  equations. 
The  question  of  identifying  for  which  nonlinearities  these  semilinear 
problems  have  solutions  is  by  no  means  settled.  Houghly  speaking,  nonlinear 
lties  which  grow  too  rapidly  yield  unsolvable  problems  while  under  other 
conditions  on  the  growth  existence  can  be  proved.  Here  we  improve  some 
conditions  which  were  previously  known  to  guarantee  the  existence  of 
positive  solutions  of  such  problems. 
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A  PRIORI  ESTIMATES  AND  EXISTENCE  RESULTS  Ft*  «L  SEMI LINEAR  ELL  t  PT I '  I  R  HU  N 


P.  L.  Lion* 


I.  Introduction; 

In  this  paper  w»  curtsulri  the  following  jroblrtt-  find  a  solution  of  u 

•Au  “  f  (ul  In  0  t 

U>  \ 

|  u  *  0  on  JQ  . 

where  f  is  *  given  nonlinear  function  such  that  f(0)  *  0.  and  Q  Is  a  bounded 
N 

doSLain  In  P  with  a  saooth  boundary.  Obviously  tern  is  a  solution  of  (1),  so  we  look 
for  a  non-trivial  solution  of  (1).  and  a  tually  we  shall  restrict  ourselves  to  positive 
solutions. 

Under  various  conditions  on  f.  the  existence  of  a  positive,  non*tnvial  solution 
to  (II  has  been  proved,  for  instance,  by  P.  H.  Rabinowi tr  (9),  (10),  A.  Asibroaetti  and 
P.  B.  Rabinowlt*  |8) .  R.  E.  L.  Turner  (11),  H.  Brer Is  and  R.  E.  L.  Turner  14). 

R.  Nuasbaus;  (TJ ,  H.  A»ann  (1),  S.  I.  Pohosaev  (a). 

Be  shall  be  concerned  here  with  the  sui'erllnear  ■  as*  i.e.,  we  shall  assusie  that  the 
function  f  satisfies  the  condition 

u>  11*  ^  *  ‘l  • 

where  Is  the  first  eigenvalue  of  -A,  with  Dlnchlet  boundary  conditions.  On* 

way  to  solve  (1),  In  this  case,  is  to  obtain  L_  a  priori  estimates  for  positive 
solutions.  This  was  don*  In  111),  (4),  assiMing  that 

-  5il 

lift  f(t)t  w~l  -  0  . 
t  — 

Be  prove  here  that  such  estiaatss  can  be  obtained  if 

U)  II*  fit  It  8  •  0  for  <cs«  t  <  -  (if  N  •  3  for  any  S) 

t—  J 

F.N.S.  45  rue  d'Ula.  Paris  75005.  ERAMCE,  and  Lab.  d’Anal.  Num.,  5  Place  Jussieu, 
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provided  11  (when  N  >  II  has  soaw  >iKirtrlc<l  properties,  for  exarjjde.  we  proved 
that  there  exists  s  constant  C  such  that  if  u  satisfies 

-Au  *  u1*  In  U,  u  »  0  in  0.  u  •  0  on  3G 

with  8  «  -  **  —  and  Q  convex,  then  ||ul'  *  C. 

- 1LS-i -  - y>i,  ~ 

The  auiin  new  inqrodient  used  to  obtain  such  estisates  is  the  convenient  application 
of  some  recent  resiarkable  results  of  B.  Cldas,  Mei-Kinq  Ni  and  L.  NI  rentier?  [SI. 

They  prove  that  if  u  is  a  positive  solution  of  (1),  then  the  set  of  critical  points 
ot  u  is  contained  In  a  proper  subset  of  Q  (independent  of  u  and  f I ,  if  Q 
(for  N  »  31  has  soae  geometrical  properties.  Usinq  this  result,  an  easy  method  is 
then  used  to  qive  the  needed  a  prion  estimates  and  the  existence  of  positive  solutions 
of  (1). 

The  author  wishes  to  thank  Profs.  M.  C.  Crandall.  B.  Cldas,  L.  Nlrenberq  and 
R.  E.  L.  Turner  for  various  discussions  on  related  topics. 


II.  »  prion  estimates: 

let  G  be  a  bounded,  connected  domain  with  a  smooth  boundary  i 
Theorem  1 1  Me  atidw  that  f  Is  locally  Lipschitz  from  i _  to  satisfies  (3) 

and  (3>.  Me  also  assume  that  if  N  *_  3,  Q  is  convex.  Then  there  exists  a  constant 
■  C  such  that  for  all  u  «  C2<5)  satisfying  (1*1 

(1*1 


{-Au  -  f (u)  in  0  , 
u  »  0  in  G.  u  • 


0  on  30  i 


we  have 


lull  .  «  C  . 

L  (0) 


Resis  rk  1  : 

<•) 


Instead  of  assuming  Q  convex,  we  could  have  assumed 

30'  proper  closed  subset  of  fl  such  that  for  all  positive  u 


l  <1 • »  the  set  (x  r  Q  Vu(xl  •0|CH'  . 

In  view  of  the  results  of  B.  Cldas,  Wei-Ninq  Ni  and  L.  Nirenberq  IS J ,  (•)  is 

3  N 

for  every  domain  0  in  *  ,  and  for  convex  doauins  in  *  (N  >  3) .  Other 


satisfying 

satisfied 

cases 


-3- 


u 

ate  <liven  id  IS|.  !  whrthn  1*1  is  •  •  any  domain  U  ►  (N  x  3) 

is  oym  and  a  jx>» i t  ive  answer  would  imply  that  Theorem  1  is  true  without  the  restric¬ 
tion  convex. 

Proof  of  Theorem  Ji  The  proof  !•  divided  into  two  ste|*i  1)  we  prove  that  u  and  f 

are  bounded  in  l}  l..',  2)  we  deduce  the  L”(fl)  eat  mate. 

loc 

1)  Let  Oj  be  a  fixed  elqenfunct ton  of  -A  corresponding  to  the  firat  eigen¬ 
value  i.e.i 

-Adj  •  Ajdj  in  0.  (tj  •  0  on  2Q,  Oj  r  CI(Q)  . 

We  nay  chooae  ^  ao  that  Oj  >  0  in  il.  Now  (aa  in  111).  141.  (7).  ()|)  we  smltiply 
ID  by  sJj  and  we  obtain 

X  f  uo  dx  •  /  fluid  dx  . 

‘O*  Q  ' 

But  using  12)  there  exlata  X  »  C  >  0  auch  that  f|t)  ■  It  -  c  for  every  t  •  0. 

Thu a  we  deduce  l  uo  «  const.,  and  f  fluid. dx  *  conet.  Sines  0  >  0  in  0,  we 

0  *  0  1  1 

have  an  eatiauitlon  of  u  and  flu)  in  L.  (Q). 

loc 

2)  Thus.  -Au  aixl  u  are  in  a  bounded  subset  of  L|^|[)l.  But  this  implies 

•  r  d  yj 

by  standard  regularity  results  {localize  and  use  L  C  w  ”Vp  «  - - )  that  u  is 

N  •  C 

bounded  in  Lf  (fl)  (Vp  <  ■  -  if  N  •  3.  Vp  *  •  if  N  -  2).  Now  we  use  13)  and 

IOC  N  •  2 

w#  h*v« 

flu)  is  bounded  in  L,  (0)  with  q  >  1  . 

IOC  1 

*•<1 

This  implies  j  is  bounded  in  w,  ID  and  by  a  standard  bootstrap  argument  we 

loc 

obtain  after  a  finite  number  of  iterations  of  the  preceding  argument 

u  is  bounded  in  wf’^lfl)  with  q  »  r  . 

loc  2 

In  particular  u  le  bounded  In  L~  If)).  To  conclude,  we  apply  the  prevloualy  men- 

IOC 

tloned  result  of  (5) t  Indeed,  there  exists  some  open  set  O'  (Independent  of  f  and  u) 
Such  thst  If  u  •  0 

fx  »  0  Tulx)  -  0)  C  Q*  C  O’  C  0  . 


3- 


Thus.  ||u||  „  •  ||u||  „  .  and  Hull  .  <  con«t. 

L  «0|  L  COM  L  COM 

Kfggr k  2;  1)  If  N  •  2,  with  a  alight  refinement  of  the  second  part  of  tha  proof, 
ww  can  prova  Theorem  1  with  the  assumption 


(JM 


1  la  f  Ct)exp(-t/C)  *  0  , 

t  — 


whara  C  is  sosse  constant  dapandinq  only  on  0.  and  on  1  IB  *  ' 

is  such  that  -Au  is  In  bounded  subsat  of  L'  (0)  (and  0  C  VI2) 

loc 


constant  C' 


Indeed.  If  u 

than  for  some 


asp  ,^7  «  Ll  COM  (O'  choosan  as  abova)  . 

Me*  If  C  >  C',  this  lapltos  that  f(u)  •  COM.  Thus  u  «  W2,C^e  COM  and  this 

loc  loc 

tBplies  tha  L,  bound, 
loc 


III.  Tha  asistanca  result: 

ThoorcB  2 :  Under  tha  assumptions  of  Theorem  1  and  If.  in  addition,  we  assume 

(4)  llB  <  X  , 

teo,  1 

then  there  exists  a  positive  solution  of  (l)j  that  is,  u(x)  >  0  in  Q  and  u  satisfies 
Cl)  -Au  •  f(u)  In  Q,  u  •  0  on  >0,  u  »  C2(0)  . 

tesark  3 i  Actually,  Theorem  1  implies  (as  In  14])  the  existence  of  a  branch  of  positive 
solutions  (X.u)  of  tha  eigenvalue  problea 

-Au  *  XfCu)  in  0,  u  ■  0  on  JO,  u  f  CJ CO)  , 
provided  f  satisfies,  instead  of  C4) , 

(4M  lia  mi  .  o  . 

t.0, 

A— ark  4 1  Theorem  I  can  also  be  used  in  order  to  obtain  existence  results  in  the 
case  where  f(0)  >  0  (see  (6)). 

Proof  of  Theorem  2i  Me  use  the  same  argument  as  in  [4],  To  this  end  we  have  only 
to  establish  the  statsawwit  (5)  below.  Me  can  then  apply  the  proof  of  |4]  (which  uses 


4 


u  ui*i  lr  fixed  point  ar'iuaent)  i 


If  It  ,u)  satisfy  -Au  •  f  (u>  ♦  tOj  in  tt.  u  »  C?  (5) ,  u  ^  0  in  Q, 

u  •  0  on  >0,  t  >  0  then  t  <  t  ,  ||u  *  Cfl  • 

l  <Q> 


where  i*  1*  choosen  as  in  the  proof  of  Theoi  ea  1. 
To  prova  (5|,  we  con*  11* t  u  a  solution  of 


-Au  •  f  (ul  ♦  tOj  in  ft  , 

u  •  ca<5),  u  »  0  in  Q,  u  ■  0  on  >0  , 


with  t  *  0.  The  first  step  of  the  proof  of  Theorem  I  then  shows  that  we  have 

‘iv 

Mow,  the  second  step  of  the  proof  applies,  since  the  results  of  15)  still  hold  for  u 
winch  is  a  solution  of 


-Au  •  f  (x.u)  in  0  . 


u  «  C  (ft) ,  u  >  0  in  (1,  u  "  0  on  )Q  , 


with  f(x,u)  «  flu)  ♦  tCjlx).  Indeed  we  have 

•r—  *  -a  <  0  on  30  , 

3v  — 

where  v  is  the  unit  exterior  normal  vector,  and  this  enables  us  to  apply  the  results 
and  the  rethods  of  t$) . 
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ABSTRACT 

Wc*  study  the  existence  of  non-trivial,  positive  solutions  of 

-Au  *  f (u)  in  0  , 

(1) 

u  ■  0  on  . 

We  prove  the  existence  of  a  priori  estimates  for  positive  solutions  of  (1), 
provided  f  does  not  increase  too  rapidly  at  infinity  and  provided  Q  has 
some  geometrical  properties.  From  these  a  priori  estimates  we  deduce  the 
existence  of  non-trivial,  positive  solutions  of  (1). 
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SIGNIFICANCE  AND  EXPLANATION 


Problems  arising  in,  for  example,  physi  s,  biology  and  chemical 


reactors  lead  to  boundary  value  problems  for  semi linear  elliptic  equations 


The  question  of  identifying  for  which  nonlinearities  these  semilinear 


problems  have  solutions  is  by  no  means  settled.  Hnughly  speaking,  nonlinear 


lties  which  grow  too  rapidly  yield  unsolvable  problems  while  under  other 


conditions  on  the  growth  existence  can  be  proved.  Here  we  improve  some 


conditions  which  were  previously  known  to  guarantee  the  existence  of 


positive  solutions  of  such  problems 
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A  PRh'RI  ESTIMATES  AND  EXISTENCE  RESULTS  roR  Ml  >EM!  LI  MEAD  ELLIPTIi  I  R  HUN 

P.  L.  Lion** 


I •  Introduction t 

In  Oil*  paper  we  consider  the  following  probl  e«t t  find  a  solution  of  u 

f  -iu  •  f  (u)  In  ft  . 

(1)  j 

(  u  “  0  on  >Q  . 

where  f  is  a  •liven  nonlinear  function  such  that  f(0>  *  0,  and  ,J  Is  a  bounded 
N 

doskain  In  J“  with  a  saooth  boundary.  Obviously  zero  Is  a  solution  of  (11,  so  we  look 
for  a  non-trivial  solution  of  111,  and  actually  we  shall  restrict  ourselves  to  positive 
solutions . 

Under  various  conditions  on  f.  the  existence  of  s  positive,  non~trlvial  solution 
to  (1)  has  been  proved,  for  instance,  by  P.  H.  Robinowltz  f»)  .  1101,  A.  Ant  losrtti  and 
P.  H.  Rabinowltz  (81.  R.  E.  L.  Turner  (11),  H.  Brezis  and  R.  E.  L.  Turner  t«) , 

R.  NussbauB  (71,  H.  Asm  nr.  (11,  S.  I.  Pohozaev  (8). 

We  shall  be  concerned  her*  with  the  sui>erlinear  ***  1.*.,  we  shall  essus*  that  the 
function  f  satisfies  the  condition 


(2) 


11.  ^ 


where  ».  Is  the  first  eigenvalue  of  -4,  with  Dlnchlet  boundary  conditions.  One 
way  to  solve  (1),  in  this  case,  is  to  obtain  L  a  priori  estimates  for  positive 
solutions.  This  was  done  in  till,  14],  assisting  that 

_  51* 

u.  fait  N*1  •  o  . 

t— 

We  prove  here  that  such  estirutes  can  be  obtained  if 
<1>  11.  f<tlt  ?  -  0  for  sastt  t  <  W  ■  (if  N  -  2  for  any  01 

.  a.  ”  "  « 
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•ttr  given  in  (5).  Thf  question  of  whether  t*)  i*  sa t 1 * f  i  r.1  fot  any  duauln  in  *<  (N  J) 
is  open  and  a  positive  answer  would  imply  that  Theorem  1  is  true  without  the  restric¬ 
tion  convex. 

Proof  of  Theorem  l i  The  proof  is  divided  into  two  steps:  1)  we  prove  that  u  and  f 

are  bounded  In  if  It.',  J)  we  deduce  the  L"(Q)  estimate. 

lot. 

1)  Let  Oj  be  a  fixed  eiqenfunct ton  of  -A  corresponding  to  the  first  eigen¬ 
value  i.e.t 

*40^  •  1^0^  in  a.  dj  •  0  on  20,  o(  t  C2(a)  . 

Me  may  choose  a  so  that  dj  >  0  in  Q.  Now  (as  in  (11).  (41  .  (71,  (J|)  we  multiply 
(1)  by  0^  and  we  obtain 

*  /  us  dx  •  /  f  (ulo.dx  . 

0  *  Q  1 

But  using  (2)  there  exists  k  »  1^,  C  »  0  such  that  f(t)  •  It  -  C  for  every  t  ^  0. 

Thus  we  deduce  /  uo  <  const.,  and  /  fluid  dx  <  const,  r-ince  a ,»  0  in  Q,  we 
0  Q  1  1 

have  an  estimation  of  u  and  flu)  in  L  IQ) . 

loc 

2)  Thus.  -Au  arsl  u  are  In  a  bounded  subset  of  Ljo(_IQ).  But  this  implies 
by  standard  regularity  results  (localise  and  use  L1  C  v  ‘"'vp  «  jj-~ )  that  u  is 
bounded  In  L^tQ)  <Vp  «  jj-~  if  N  >  3,  Vp  <  -  if  N  -  2)  .  Now  we  use  (3)  snd 

we  have 


flu)  le  bounded  In  L,  (Q)  with  q,  >  1  . 

loc  '1 


2,<,1 

This  implies  u  Is  bounded  in  Kloc  10)  and  by  a  standard  bootstrap  argument  we 
obtain  after  a  finite  number  of  iterations  of  the  preceding  argument 

u  is  bounded  in  wf’^IQ)  with  q  »  !;  , 

IOC  2 

In  particular  u  Is  bounded  In  L“oc(n).  70  conclude,  we  apply  the  previously  men¬ 
tioned  result  of  ( 5 1 t  indeed,  there  exists  some  open  set  Q’  (Independent  of  f  and  u) 
such  that  If  u  •  0 

{x  t  0  Vu(x)  -  0)  C  a*  C  O'  C  Q  . 


J- 


Thu*,  ||ul! 


u 


L  (O') 


and  Hull 


*  const 


L  (0)  L  (O')  L  (O’) 

Remark  2:  1)  If  N  -  2,  with  a  sliqht  refinement  of  the  second  part  of  th*  proof, 
we  can  prove  Theorem  1  with  the  assumption 

(V)  lim  f <t)exp(-t/C)  •  0  . 

I  — 

where  C  1*  some  constant  depending  only  on  0.  and  on  lim  .  Indeed,  if  u 

1*  such  that  -Au  1*  In  bounded  subset  of  L.'  (0)  (and  OCR*)  then  for  some 

loc 


constant  C' 


esp  ~t  *  lNo*)  (O'  choosen  as  above)  . 


r/c'  j  c/c 1 

Now  if  C  >  C',  this  implies  that  f(u)  «  L,  (O').  Thus  u*  W,  *w  (O')  and  this 

IOC  loc 

imp l lei  the  L,  bound, 
loc 


HI.  The  existence  result! 

Theorem  li  Under  the  animations  of  Theorem  1  and  If,  In  addition,  we  assume 

(4)  lim  <  X  , 

t*o4  1 

then  there  exists  a  positive  solution  of  ( 1 ) r  that  is,  u(x)  »  0  in  0  and  u  satisfice 
(1)  -Au  •  f (u)  in  0,  u  •  0  on  20,  u  *  C*(3)  . 

Remark  li  Actually,  Theorem  1  Implies  (as  In  |4J)  th*  existence  of  a  branch  of  positive 
solutions  (X,u)  of  the  eigenvalue  problem 

-Au  *  Xf  (u)  in  Q,  u  •  0  on  20,  u  «  C*(0)  , 
provided  f  satisfies,  instead  of  (4), 

(4 ‘ J  lim  -  0  . 

Remark  4 i  Theorem  1  can  also  be  used  in  order  to  obtain  axistence  results  in  the 
case  where  f (0)  >0  (see  (6| ) . 

Proof  of  Theorem  2i  We  use  th*  same  arqimmnt  as  in  14] .  To  this  end  w*  have  only 
to  establish  th*  statcsMnt  (5)  below.  Ns  can  then  apply  th*  proof  of  [41  (which  uses 


S' 


.»  staple  fixed  joint  aruuaent)  i 

tf  <t  ,u)  uUify  -Au  -  f(u)  ♦  tdj  In  a.  u  «  C2(S)  ,  u  *  0  in  U, 

lull  _ 


<S) 


u  *  0  on  >0.  t  ■  0  then  t  <  t_. 

-  -  0 


L  (0) 


iC0  ' 


where  o ^  Is  choose n  ss  in  tbs  proof  of  Theore®  1. 

To  prove  (SI.  we  consider  u  s  solution  of 
-Au  •  f(«)  ♦  to  In  0  , 

u  •  u  »_  0  In  (1.  u  •  0  on  >0  , 

with  t  ■  0.  The  first  step  of  the  proof  of  Theorem  1  then  shows  thst  we  heve 

1  i  V 

Mow,  the  second  step  of  the  proof  applies,  since  the  results  of  (S)  still  hold  for  u 
which  is  a  solution  of 


with 


where 


-Au  -  f (s.u)  in  0  , 

u  >  0  in 


u  *  CJ(fil . 


flx.u)  *  f  (u)  ♦  tOj(K).  Indeed  we  have 

>°1 

—1  <  -a  * 
>v  — 


v  is  the  unit  exterior  norms!  vector. 


0,  u  -  0  on  >0  , 


0  on  >0  , 

and  this  enables  us  to  ap'ply  the  results 


and  the  sw>thods  of  (S) 
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We  study  the  existence  of  non-trivial,  positive  solutions  of 
...  /  -Au  “flu)  in  0  , 

l  u  *  0  on  dfi  . 

w<  prove  the  existence  of  a  priori  estimates  for  positive  solutions  of  (1), 
provided  f  does  not  increase  too  rapidly  at  infinity  and  provided  (1  has 
some  geometrical  properties.  From  these  a  priori  estimates  we  deduce  the 
existence  of  non-trivial,  positive  solutions  of  (1). 
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